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Efficient Simulation of Interconnect Networks With
Frequency-Dependent Lossy Transmission Lines

Ling Y. Li, Greg E. Bridges, Member, IEEE, and Ioan R. Ciric, Fellow, IEEE

Abstract—Accurate and efficient moment generation methods
are important when using moment matching based circuit reduc-
tion techniques for the simulation of transients on transmission line
networks. In this paper, a modified matrix exponential method is
presented for fast computation of the moments associated with fre-
quency-dependent lossy transmission lines. Numerical examples
are given which demonstrate the improved performance of the pro-
posed method with respect to existing techniques.

Index Terms—Circuit reduction, circuit simulation, matrix ex-
ponential method, moment matching, transmission lines.

I. INTRODUCTION

M ODEL-REDUCTION techniques have been success-
fully used for the rapid simulation of very large linear

networks. A linear system can be reduced using moment
matching techniques based on Padé approximation methods,
such as Asymptotic Waveform Evaluation [1]. When applying
moment matching techniques to simulation of interconnect
networks containing lossy coupled transmission lines, the
transmission line moments can be generated by using either
the eigenvalue moment method [2] or the matrix exponential
method [3]. In the eigenvalue moment method, moment gen-
eration is performed using the eigenvalues and eigenvectors
of the transmission line propagation matrix. The truncation
error in the computation of the eigenvalues and eigenvectors
increases for higher order moments, resulting in a degradation
of accuracy for waveform evaluation. The matrix exponential
method was introduced to improve the computational accuracy
of the moments. The method generates moments by expanding
the transmission line parameter matrix as a Taylor series. In
[4], the matrix exponential method was extended to handle
transmission lines with frequency-dependent parameters.
Although the matrix exponential method yields more accurate
moments, it is computationally more costly than the eigenvalue
method due to the slow convergence of the matrix exponential
series. In this paper, we propose a modified matrix exponential
method for generating the moments of frequency-dependent
lossy transmission lines. The proposed method yields the same
accuracy as the original matrix exponential method, but also
has a computational efficiency which is comparable to that of
the eigenvalue moment method.
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II. FORMULATION

Consider a linear interconnect network containing distributed
transmission lines and its model using a modified nodal admit-
tance formulation [5]. When employing the moment matching
approach, the generation of frequency derivatives (moments) of
the modified nodal admittance matrix is required, which in turn
requires computation of the transmission line moments. In the
case of coupled lossy transmission lines with frequency-depen-
dent parameters, the transmission line moments can be derived
from the Laplace-domain partial differential equations

(1)

with

(2)

(3)

where and are vectors representing the line
voltages and the line currents, respectively, at points along the
transmission line, and are the per-unit-length (p.u.l.)
impedance and admittance matrices, and , , ,
and are the p.u.l. frequency-dependent series resistance,
shunt conductance, series inductance, and shunt capacitance
transmission line parameter matrices, respectively.

From (1)–(3), the relationship between the voltages and cur-
rents at the far end of a transmission line of length, ,
and , and those at the near end, and , can
be described in terms of the transmission line parameter matrix

as

(4)

where

(5)

The p.u.l. impedance and admittance and matrices
can be expanded as a Taylor series in the form

(6)

and, thus

(7)
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For the special case when the line parameters, , and are
frequency independent, we have , , ,

, and for .
In the implementation of moment matching techniques, the

coefficients of the Taylor series expansion of the transmission
matrix are required

(8)

In the matrix exponential method presented in [3], [4], the ex-
pansion coefficients are obtained by substituting (7) into (8) and
collecting terms with same power of. The computation of the
coefficients in this manner usually requires summation of a large
number of terms due to the slow convergence of a series of the
exponential type.

In order to more efficiently generate the moments of transmis-
sion line systems, a modified matrix exponential method is pre-
sented. Starting from (6), the product can be written
as a Taylor series expansion in the form

(9)

Let the matrix be expanded in the form

(10)

By expanding (5) in an exponential series as in (8), we have [see
(11) at the bottom of the page]. Equating (10) and (11) gives

(12)

Now, using (9) and matching powers ofyields the recursive
formulas

(13)
where

(14)

It can be easily shown that , , and , for , are also
calculated as

(15)

(16)

(17)

where the superscriptdenotes the transpose of a matrix and

(18)

It can be seen that the number of terms inrequired for a
desired accuracy is the same as in [see (13)]. Compared to
the original matrix exponential method, it has been found that
the proposed approach is more efficient in that the series in (13)
requires a relatively smaller number of terms for convergence.
The faster convergence is due to two factors. First, in contrast
to (8), the terms in the series (12) will decay more quickly due
to the fast increase in the values of the denominators. Secondly,
the size of the matrices in (12) is only half that of the matrices
in (8). This results in less computational effort for calculating
the line moments by the proposed recursive procedure.

III. N UMERICAL EXAMPLES

Two examples are given to demonstrate the performance of
the proposed method. As a first example, consider the intercon-
nect circuit from [3] as shown in Fig. 1, which consists of two
cascaded lossy transmission lines with identical length. Line
1 is characterized by the parameters , S,

H, and pF. Line 2 has the same parameters
except . Fig. 2 displays the magnitude of the mo-
ments of the voltage at a frequency expansion point about
the origin as generated by the proposed method and by the ma-
trix exponential method [3]. Identical results are obtained, but
with less computational effort. For example, for line 1 and using
the smallest machine precision as the truncation criterion, the
matrix exponential method (8) typically required twice as many
terms for convergence as compared to the proposed method (12)
(28 versus 14 for moment number 15 in Fig. 2). Fig. 2 also shows
that the moments generated by the eigenvalue moment method
exhibit an increase in numerical truncation error for higher order
moments.

In a second example, a printed circuit coplanar strips
transmission line is considered with the skin effect loss taken

(11)
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Fig. 1. Circuit containing two cascaded lossy transmission lines (from [3]).

Fig. 2. Comparison of moments generated by the proposed technique, the
matrix exponential method, and the eigenvalue moment method.

Fig. 3. Lossy printed circuit transmission line (from [6]).

into account [6]. The circuit is shown in Fig. 3 and has a
p.u.l. inductance H/m and capacitance

pF/m. A frequency selective conductor impedance,
due to the skin effect, is accounted for as [6] where

where m is the p.u.l. dc resistance and
MHz. The source voltage is a ramp function rising to

1V in 50 ps. The transient response at the load resistor is shown
in Fig. 4, as computed, using the moment matching simula-
tion technique described in [7], where the line was divided into

Fig. 4. Transient response at the load end of the circuit in Fig. 3.

four identical sections. The moments for 9 frequency expansion
points, with GHz, were generated using both the
matrix exponential method [3], [4] and the proposed method.
Fig. 4 shows the results are in good agreement. The number
of terms required to achieve convergence using the proposed
method was again half that required by the matrix exponential
method.

IV. CONCLUSION

A modified matrix exponential method has been proposed for
generating the moments of coupled lossy frequency-dependent
transmission lines. Numerical results indicate that the proposed
method yields both accurate moments and reduced computa-
tional cost when compared to the eigenvalue method or matrix
exponential method.

REFERENCES

[1] L. T. Pillage and R. A. Rohrer, “Asymptotic waveform evaluation for
timing analysis,” IEEE Trans. Computer-Aided Design, vol. 9, pp.
352–366, Apr. 1990.

[2] T. K. Tang and M. S. Nakhla, “Analysis of high-speed VLSI inter-
connects using the asymptotic waveform evaluation technique,”IEEE
Trans. Computer-Aided Design, vol. 11, pp. 341–352, Mar. 1992.

[3] E. Chiprout and M. S. Nakhla, “Analysis of interconnect networks using
complex frequency hopping (CFH),”IEEE Trans. Computer-Aided De-
sign, vol. 14, pp. 186–200, Feb. 1995.

[4] M. Celik and A. C. Cangellaris, “Efficient transient simulation of lossy
packaging interconnects using moment-matching techniques,”IEEE
Trans. Compon., Packag., Manufact. Technol., vol. 19, pp. 64–73, Feb.
1996.

[5] C. W. Ho, A. E. Ruehli, and P. A. Brennan, “The modified nodal ap-
proach to network analysis,”IEEE Trans. Circuits Syst., vol. CAS-22,
pp. 504–509, June 1975.

[6] C. R. Paul,Analysis of Multiconductor Transmission Lines. New York:
Wiley, 1994.

[7] L. Y. Li, G. E. Bridges, and I. R. Ciric, “An efficient method for
frequency-domain and transient analysis of interconnect networks,” in
IEEE AP-S Int. Symp. Dig., July 2000, pp. 132–135.


	MTT024
	Return to Contents


